Class 12 Chapter 9 - Differential Equations

Exercise 9.1

Determine order and degree (if defined) of differential equations given in
Exercise 1 to 10:

1.

+sin (y")
=0
Sol. The given D.E. is

+siny” =0

The highest order derivative present in the differential equation
is order is 4.

and its

The given differential equation is not a polynomial equation in

derivatives ('_'The term sin y" is a T-function of derivative y").
Therefore degree of this D.E. is not defined.

Ans. Order 4 and degree not defined.
2.y'+5y=0
Sol. The given D.E. is y' + 5y = 0.

The highest order derivative present in the D.E. is y'
0

0 gand

so its order is one. The given D.E. is a polynomial equation in
derivatives (y' here) and the highest power raised to highest order
derivative y' is one, so its degree is one.

Ans. Order 1 and degree 1.
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Sol. The given D.E.

is =0
The highest order
derivative present in

the D.E. is and its

order is 2. The given D.E is a polynomial equation in derivatives
and the highest powerraised 000 0
to highest order derivative go=*
one. Therefore degree of D.E. Sol. The given
is 1. Ans. Order 2 and degree

1.
goooa
0o =0
ooooao
+ oS 00+ cos
4, ]
D.E.is 1S

The highest order derivative present in the differential equation
is
and its order is 2.

The given D.E. is not a polynomial equation in derivatives .

The term cos

is a T-function of derivative
Therefore degree of
this D.E. is not
defined. Ans. Order
2 and degree not
defined.

=cos3x+sin3x 5



is

= cos 3X + sin 3x.

Sol. The given D.E.

The highest order derivative
present in the D.E. is order is 2.

and its

The given D.E. is a polynomial equation in derivatives and the

goooao .
0 g1sone,

highest power raised to S0

highest order and degree 1.

its degree is 1.
Ans. Order 2

Remark. It may be remarked that the terms cos 3x and sin 3Xpregent in
the given D.E. are trigonometrical functions (but not T-functions of
derivatives).

It may be noted that

goao
0 gis not a polynomial function of

derivatives.
6- ( ym)2 + ( y")3 + ( yl)4 + y5 = 0
Sol. The given D.E. is (y")*+ (y")’ + (y)*+¥° = 0. ...() The highest order
derivative present in the D.E. is y"" and its order is 3.
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The given D.E. is a polynomial equation in derivatives y", y” and y' and
the highest power raised to highest order derivative y"” is two, so its
degree is 2.
Ans. Order 3 and degree 2.
7.y"+2y"+y' =0
Sol. The given D.E. isy" + 2y" + y' = 0. ...(i) The highest order derivative



present in the D.E. is y" and its order is 3.
The given D.E. is a polynomial equation in derivatives y", y" and y' and
the highest power raised to highest order derivative y" is one, so its
degree is 1.
Ans. Order 3 and degree 1.

X

8.y'+ty=e
¥, ...(1) The highest order derivative present in
Sol. The givenD.E.isy' +y=e
the D.E. is y' and its order is 1.
The given D.E. is a polynomial equation in derivative y'. (It may be *is
an exponential function and not a polynomial function

noted that e
but is not an exponential function of derivatives) and the highest power
raised to highest order derivative y' is one, so its degree is 1.
Ans. Order 1 and degree 1.

9.y"+(y)*+2y=0

Sol. The given D.E. is y" + (y’)2 + 2y = 0. ...(1) The highest order derivative

present in the D.E. is y” and its order is 2.
The given D.E. is a polynomial equation in derivatives y” and y' and the
highest power raised to highest order derivative y" is one, so its degree
is 1.
Ans. Order 2 and degree 1.

10.y"+2y'"+siny=0

Sol. The given D.E. is y" + 2y' + sin y = 0. ...(1) The highest order derivative

present in the D.E. is y” and its order is 2.
The given D.E. is a polynomial equation in derivatives y" and y'. (It may
be noted that sin y is not a polynomial function of y, it is a T-function of
y but is not a T-function of derivatives) and the highest power raised to
highest order derivative y" is one, so its degree is one.
Ans. Order 2 and degree 1.

11. The degree of the differential equation
goooan
oo

000,

+S|n oo +1=0is

"

(A)3(B)2(C) 1 (D) Not defined. 3
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Sol. The given D.E. is

ooooaon
oo+



. goo .
oo

This D.E. (i) is not a polynomial equation in derivatives.

0 oooo ..
oo oo og -

. Degree of D.E. (i) is not defined.
Answer. Option (D) is the correct answer.
12. The order of the differential equation

-3
2x°

is
+y=0
(A)2 (B)1(C)0 (D) Not
defined _g
Sol. The given
D.E. is 2x*

+y=0
The highest or

der derivative present in the differential equation
is order is 2.

and its

Answer. Order of the given D.E. is 2.
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Exercise 9.2

In each of the Exercises 1 to 6 verify that the given functions (explicit) is a
H1ry-y'=
0
solution of the corresponding differential equation: 1.y =e *+ 1 ...(i) To
prove: y given, by (i) is a solution of the D.E. y"
Sol. Given:y =e —-y'=0..(ii) From (i), y' =
(&
*+0=e X
*andy" =e"-e
~LHS.of DE. (i) =y"~-y'=eby  *=0=RH.S. of D.E. (ii) -- y given
(i) is a solution of D.E. (ii). 2. y =
X°+2x+C:y'—=2x-2=0

Sol. Given: y = x%+ 2x + C ...(i) To prove: y given by (i) is a solution of
the D.E.
y' -2x-2=0..(@1) From (i),y' =2x + 2
S~ LHS.of D.E. (ii) = y' - 2x - 2
=(@2x+2)-2x-2=2x+2-2x-2=0=RH.S. of D.E. (ii) -- y given
by (i) is a solution of D.E. (ii).

3.y=cosx+C:y'+sinx=0

Sol. Given: y = cos x + C ...(1) To prove: y given by (i) is a solution of D.E. y

+sinx =0...(i1) From (i), y' = —sin x

'

~ LH.S. of D.E. (ii) =y’ + sinx = —sin X + sin x



=0=R.H.S. of D.E. (ii)
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.y given by (i) is a solution of D.E. (ii).

4.y

"=

Sol. Given: y = + ...(i) To prove: y given by (i) is a solution of D.E. y' =
+
...(iD)
. + 1422
From (i),y'= ={+X)
-1/2 =
(e XZ) _(L+xH 2x =+ ..(iii) R.H.S. of D.E. (ii) =

_(1+ x2)
+=++(By (1)

oad

|
oo
=y' [By (iii)] = L.H.S. of D.E. (ii)
-~y given by (i) is a solution of D.E. (ii).
5.y=Ax:xy' =y (x%0)
Sol. Given: y = Ax ...(i) To prove: y given by (i) is a solution of the D.E. xy’
=yx#0)
...(ii)
From (i),y' = A1) =A

LH.S. of D.E. (ii) = xy' = XA
= Ax =y [By (i)] = R.H.S. of D.E. (ii)

.y given by (i) is a solution of D.E. (ii).
(x#0andx>yorx<-y)Sol.

B.y=xsinx:xy' =y+x Given:y = x
sin x ...(i) To prove: y given by (i) is a solution of D.E.
xy'=y+x-..(l) x#¥0andx>yorx<-y)
From (i), (=¥

=x (sinx) + sin x X =X COS X + sin x L.H.S. of

D.E. (ii) = xy' = X (X c0s X + sin X)
R.H.S. of D.E. (ii) = y + xJJ] Putting



y = X sin x from (i),

=x%cos X + x sin X ...(iii)

:xsinx+x.:xsinx+x.:xsinx+x
=XSINX+X.XCOSX
=X sin X + X° €OS X = X° €OS X + X Sin X ...(iv) From (iii) and (iv),
L.H.S. of D.E. (ii) = R.H.S. of D.E. (ii) - y given by (i) is a solution of
D.E. (ii).
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In each of the Exercises 7 to 10, verify that the given functions (Explicit or
Implicit) is a solution of the corresponding differential equation:

7.xy=|ogy+C:y’=(Xy¢1)

Sol. Given: xy =logy + C ...(i) To prove that Implicit function given by (i) is
a solution of the

DE.y =
(i)
Differentiating both sides of (i) w.r.t. X, we have <
vy +0
+y(D) =
. 0 -cn=-v
>xy-=-y-y 0O oo
= y'
- 00 =-y->¥y&y-D=-¥
= y’ = -

which is same as differential equation (ii), i.e., Eqn. (ii) is proved. -
Function (Implicit) given by (i) is a solution of D.E. (ii). 8. y —cos y = x :
(ysiny+cosy+x)y' =y
Sol. Given: y — cos y = x ...(i) To prove that function given by (i) is a
solution of D.E. (y siny + cos y + X) y' =y ...(ii) Differentiating both
sides of (i) w.r.t. X, we have

V+(@6iny)y=1sy (1+siny)=1



>y =
+...(111)
Putting the value of x from (i) and value of y' from (iii) in L.H.S. of (ii),
we have
LHS.=(ysiny+cosy+x)y'

=(ysiny+cosy+y-cosy)

T=(ysiny+y)

=y(siny +1)
Y= R.H.S. of (ii).
- The function given by (i) is a solution of D.E. (ii). 9. x +
y=tan 'y :y?y' +y*+1=0
Sol. Given: x +y = tan” 'y ...(i) To prove that function given by (i) is
a solution of D.E. y*y' + y*+ 1 = 0 ...(ii)

Differentiating both sides of (i), wrt. x, 1 +y' =+ v
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A+y)A+¥) =y = 1+y*+
yr + y:yz — yr
Cross-multiplying
> ¥ +y* + 1 = 0 which is same as D.E. (ii). -~
Function given by (i) is a solution of D.E. (ii).

1O_y=,x€(—a,a):x+y

=0(y=#0)
Sol. Given: y =., X € (- a, a) ...(1) To prove that function given by (i) is a

solution of D.E.
X+y

=0..3)

From (i),
o — 172 (az_xz)

_(a%-x )



_...(iii)

Putting these values of y and from (i) and (iii) in L.H.S. of (ii), f
-00o0o0 0o

—(-2x) =

LHS. =x+y

=X+ -

=x-x=0=R.H.S. of D.E. (ii).
-~ Function given by (i) is a solution of D.E. (ii).
11. Choose the correct answer:
The number of arbitrary constants in the general solution of a
differential equation of fourth order are:
(A)0 (B)2(C)3(D)4. Sol. Option (D) 4 is the correct
answer.

Result. The number of arbitrary constants (c,, ¢, csetc.) in the general
solution of a differential equation of nth order is n. 12. The number of
arbitrary constants in the particular solution of a differential equation of third
order are (A) 3 (B) 2 (C) 1 (D) 0. Sol. The number of arbitrary constants in a
particular solution of a differential equation of any order is zero (0).

['.' By definition, a particular solution is a solution which contains no
arbitrary constant.]
-~ Option (D) is the correct answer.
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Exercise 9.3

In each of the Exercises 1 to 5, form a differential equation representing the
given family of curves by eliminating arbitrary constants a and b.
Class 12 Chapter 9 - Differential
1.+ Equations
=1

Sol. Equation of the given family of curves is += 1 --(i) Here there are two
arbitrary constants a and b. So we shall differentiate both sides of (i)

two times w.r.t. X.

From (i), .1+

=0or=-
(i)

Again diff. (ii) wrt. x,0 = -

Multiplying

both =0.
sides by — b, Which is
the required D.E.

Remark. We need not eliminate a and b because they have already
got eliminated in the process of differentiation. 2. y? = a(b?— x?) Sol.
Equation of the given family of curves is



¥ = a(b2 - x2) ...(1) Here there are two arbitrary constants a and b.
So, we are to differentiate (i) twice w.r.t. x.

From (i), 2y
=a(0 - 2x) = - 2ax.

Dividing by 2, y

=-—ax..(i0)
Again differentiating both
sides of (ii) w.r.t. x,
+
Y +
ooo, .=
_=-aory 00 -a..(ii)

Putting this value of — a from (iii) in (ii), (To eliminate a, as b is already
absent in both (ii) and (iii)), we have

X Or Xy
oo +DDD|]|:|

00 0

3.y =ae*+be X
Sol. Equation of the family of curves is
y = ae™+ b e (i) Here are two arbitrary constants a and b.

From (i),
=3ae™_2Dbe
~2%_(ii) Again differentiating both sides of

(i), w.r.t. X,

=92ae®™+4be

-2 (iii)

Let us eliminate a and b from (i), (ii) and (iii).



Equation (ii) — 3 x eqn. (i) gives (To eliminate a),

10
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-3y =-5be” 2X...(iv) Again Eqn. (iii) — 3 x eqn (ii) gives (again
to eliminate a)

-3

=10 be *...(v)
Now Eqn. (v) + 2 x eqn. (iv) gives (To eliminate b)

+2
0 o= 10 be™ -
10 be =

o-00

or
or

—-6y=0
-6y=0
+ 2

which is the required D.E.
4.y =e*@a+bx)
Sol. Equation of the given family of curves is

y= ezx(a + bx) ...(i) Here are two arbitrary constants a and b.

From (i), or + e2X
(a + bx)

ooao
00 (a+bx)



=2e”@+bx)+e* b

or

=2y + be*...(ii) (By (1))
Again differentiating both sides of (ii), w.r.t. X

=2

+ 2 be*.. (i)
Let us eliminate b from eqns. (ii) and (iii), (as a is already absent in
both (ii) and (iii))

From eqn. (ii)
— 2y = be*
Putting this value of be®in (iii), we have

0-00
og-=

+2

+2

_4y
_4 Or

+4y =0

which is the required D.E.
*(a cos X + b sin x)
5.y=e
Sol. Equation of family of curves is
w(@acosx +bsinx) ...(1)

y=¢€
a



c n
o X
s )
X +
+ e
b X
s (-asinx+bcosx) 11
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or

¥(acosx +bsinx) +e

—e *(—asinx + b cos x) ...(ii)

«(—asinx + b cos x) By (1)
or

=y+e

Again differentiating both sides of eqn. (ii), w.r.t. X, we have

=2
X(_
*(—asinx+bcosx)+e o-00 e
a cos X — b sin x) gt N
+
(a cos x + b sin x)
e (By (iD)
or
(By (1)
or
-y-y
-2
+ 2y = 0 which jsthe required D.E.
or

. Form the differential equation of the family of circles touching the



y-axis at the origin.

Sol. Clearly, a circle which touches y-axis at the origin must have its
centre on xX-axis.
[
x-axis being at right angles to tangent y-axis is the normal or line of
radius of the circle.]
-~ The centre of circle is (r, 0) where r is the radius of the circle.
. Equation of required circles is
s s —B)P=rorx®+r* - 2rx +
y=r
x-1)’+(y- 0= r’[(x- )’ + (y

or x* + y* = 2rx ...(i) where r is the only arbitrary constant.

Differentiating both sides of (i) only once w.r.t. X, we have

2% +
2y
=2r...(i0)
To eliminate r, putting the value of 2r from (ii) in (i),
X4y
0+0 x
0
oo
or x>+ y2 = 2x%+ 2xy 1, 2xy
o X
+Xp V=0
or — 2xy
4 or 2xy
r 24y%=0 Y
(,o)rc
Multiplying by —
+xi= y2 which is the required D.E.
12
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Remark. The above question can also be stated as : Form the D.E. of
the family of circles passing through the origin and having centres on
X-axis.

7. Find the differential equation of the family of parabolas having vertex
at origin and axis along positive y-axis. Sol. We know that equation of
parabolas having vertex at origin and axis along positive y-axis is X2 = 4ay
...(1) Here a is the only arbitrary constant. So differentiating both sides of



Eqn. (i) only once w.r.t. X, we have
2x =4a
from (i) in (ii),

To eliminate a, putting Y we have

..(i)
4a =
oX
2x =
2
> 2xy= X
= —X
+2y=0
= X
(VERTEX)
Dividing both sides by x,
required D.E.
2y =x

— 2y = 0 which is the
8. Form the differential equation of family of ellipses having foci on y-axis

and centre at the origin.
Y

Sol. We know that with major axis as
equation of ellipses  y-axis is
having foci on y-axis

i.e., vertical ellipses Major Axis (0, ) 2

+=1 ...(i)Fb pFocus

So we shall differentiate eqn.

X'

Here a and b are two arbitrary (i) twice w.r.t. X.

constants. Differentiating both sides of
(i) w.r.t. x, we have

oX

(=.0p (,0)b

F



2y
Minor Axis Focus

(0,-)a
+2x=0
or
y
Dividing both sides by 2,
“Tx
13
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v _
X ...(i)

Again differentiating both sides of (ii) w.r.t. x, we have
oa

00+
0o= ...(iii)

To eliminate a and b, putting this value of

" from (iii) in (i),
the required differential equation is

ooo +00 OO
oo oo 0oOoxX

Multiplying both

sides by az, y



DDDDD

Xy
ooao

or Xy -y

=0

which is the required differential 3V
equation. 9. Form the differential ¢
h
Y a
equation of the family of t
hyperbolas having foci on e
q
u
Conjugate Axis a
x-axis and centre at the t
origin. i
(-.0)a o
F (Focus) 4 >
S o
0 f
' F
W hyperbolas having foci on x
e oX
k “Transverse
n
axis and centre at origin is (,0)a
(Focus) Axis
-=1..00)

Here a and b are two arbitrary constants. So we shall differ entiate eqn.
(i) twice w.r.t. X.

From (i), . 2x — 2y

=0orx=



Dividing both sides by 2, x = v

..(i)
Again differentiating both sides of (ii), w.r.t. x,

1=

00

|:||:|+DD

or =
ooo +00

oo
oo oo o o3
Dividing eqn. (iii) by eqn. (ii), we have (To eliminate a and b)
14
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O+0 IZI[| 0
= DD 0
oo +00D0
0o
ultiplyin
g X
Cross-m =y
or Xy
+x=0
ooo
oo~ Y

which is the required differential equation.
10. Form the differential equation of the family of circles having centres on

y-axis and radius 3 units.

Sol. We know that on y-axis, x = 0.
- Centre of the circle on y-axis is (0, B).
. Equation of the circle having centre on y-axis and radius 3 units is
x-0°+(y-B’=3F[(x-0)’+ y-Pp*=rlorx’+ (y-p)*=9..0)
Here B is the only arbitrary constant. So we shall differentiate both



sides of eqn. (i) only once w.r.t. X,

From (i), 2x + 2 (y— ) (¥ -B) =0

or2x +2(y-p)

or2(y-p

=-2x.y-B=

Putting this value of (y — ) in (i) (To eliminate (), we have
a

<+
00 pp=9

sides by this L.C.M., 0J

oo

LCM. =

oo |:||:| 0 Multiplying

both

XZDDDDD

DEII:IDD—Q

-9)

|:lDDI:I|:|+X2=001r()(2
:}XzDDDD |:|+X2:O

WhiCl’} is the required differential x , c,e *as the
equation.

11. Which of the following differential equation has y = c;
e general solution?

(A)
_y=0

15
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+y=0(B)



Sol. Given:y =c, e
*ree f(-1) =cre
X

x _
=cse —Cye

¥_cge *(-1) =cje
*rege ™ =cye

or

=y [By O]

or
—y = 0 which is differential equation given in option (B)
. Option (B) is the correct answer.

12. Which of the following differential equations has y = x as one of
its particular solutions?

(C)
(A) — X2
2 +x (D)
—_x *+x(B)
xy = x +xy=0
+xy=0
+ Xy =X
Sol. Given:
=0

y=X_

=1land



clearly satisfy the
D.E. of option

These values of y, ©.
and

..LH.S. of D.E. of option (C) = 2
[. -X

+ Xy

=0-x3(D) + X (x) =— x>+ x>= 0 = R.H.S. of option (C)] --
Option (C) is the correct answer.

Exercise 9.4 (Page No. 395-397)

For each of the differential equations in Exercises 1 to 4, find the
general solution:

1.
Sol. The given differential equation is
or dy =

+

dx.

Integrating
both sides,

[ ax



ory:IdX:

—-X+C

16
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Exercise 9.4

IZI_DDIZIEIIdx=

For each of the differential equations in Exercises 1 to 4, find the
general solution:

1.

Sol. The given differential equation is

ordy =
+
+
dx.
sides,

Integrating both -r dx



I: D_DDDDIdx:

ory= I dx =
-X+cC
17
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ory=2tan

-X+c
which is the required general solution.

_(-2<y<2)

Sol. The given D.E. is
=-sdy=-dx
Separating variables, ~ = dx
Integrating both sides, ~

Idy=fdx Zoo

Lsinl=x+e¢

I
oo

- =sin (X +c)

= y = 2 sin (x + ¢) which is the required general solution.

+ty=1(y#1)

Sol. The given differential equation is

+y=1

=l-ysdy=(1-y)dx s dy=-(y-1dx
Separating variables,



=—dx

dx I =_ J'
Integrating both sides,

slogly-1|=-x+c¢
= |y—1|=e"x+°['_'If10gx=t,thenx=e
Toy-l=te*‘5y=1
te Ye
C
Ce*X
sy=1zxe

sy=1+Ae *whereA=zte
C
which is the required general solution.
4.sec’x tany dx + sec?y tan x dy = 0
Sol. The given differential equation is
sec® X tan ydx + secZy tanx dy = 0
Dividing by tan x tan y, we have

de+

dx+ Integrating (Variables separated)

dy=0

both sides, _f dy =logc

18
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orlog|tanx|+log|tany|=1logc
orlog|(tanxtany)|=logcor|tanxtany|=c- tanxtany =%
c=CwhereC==c.

['_'|t\=a(aZO) > t=+%al
which is the required general solution.
For each of the differential equations in Exercises 5 to 7, find



the general solution:

“redy-(e
5. (e *_e M) dx
X—e ) dx=0%+ dx
eNdy=(e 00+
Sol. The given
D.E.is (e B
0 oo o oo
ordy =
Integrating both sides, = ‘00
.r op U0
no+f dx
*1e ¥ +c

ory=Ilog|e

which is the required general
solution.

6.
=(1+x)(1 +y?)

Sol. The given differential equation is = (1 + x%)(1 + y?)

Sdy=(1+x)1+y)dx

Separating variables, +=(1+ Xz) dx

Integrating both sides,

c +J—

=+
dx :»tan’ly:+x+ dy I

which is the required general solution.
7.ylogydx—xdy=0
Sol. The given differential equationisylogydx-xdy=0 > —x
dy =-ylogydx

(D)

Separating variables,



Integrating both sides

For integral on left hand side, put logy = t.

dt

- Eqn. (i) becomes .I = .[
S log|t]=log|x|+1log|c|..(ii) = log | xc |
19
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s [t]=]xc]
> t=%xc
(Ix|=]y|>x=%y]
> logy=*xc=axwherea=+*c¢
# which is the required general solution.
Ly=e
For each of the differential equations in Exercises 8 to 10, find
the general solution:

5
8.x

=—YVYs
5

Sol. The given differential equation is x

5> xPdy =-y dx
==Ys

Separating variables,

sy dy=-x’dx

Integrating both sides,”
j |

dx

—-=——_+C

Multiplying by -4,y *=-x"*-4c
Sxtiryt=—4e 5 x '+ y 1= Cwhere C = - 4c which



is the required general solution.

=sin"'x

Sol. The given differential equation is
or dy = sin” lx dx

=sin;
dy = -
Integrating both
sides, .[
ory=" dx
J‘. 1dx 111
Applying product
rule,
_[ =xsin 'x
I (Sin_ 1
- X
dx — J
dx dx
y = (sin”*' X)
dx = -
X dx ...(1)

To evaluate — J'

dx

Put 1 — x° = t. Differentiate — 2x dx = dt

*Remark. To explain , .
=in eqn. (ii)

If all the terms in the solution of a D.E. involve logs, it is better to use log c or
log | ¢ | instead of c in the solution.
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Class 12 Chapter 9 - Differential Equations



_ required general
.[ dx in (i), the

Putting this value of
solution is

y= xsin”'x +.+ C.
X sec’y dy =0
fanydx+ (1-e
10. e Sol. The given equation is e

2
Hsec’ydy =0 *) tan y, we have
fany dx + (1—e

Dividing every term by (1 -e

separated)
—dx +

dy=0

- I dx +
Integrating both sides, J' dy =c

_Idx+log|tany|:c

or —
¥ +log|tany|=c
oo . |:||:| 0
(Variables
or—log|l-e
or log

— =log ¢’ (See Remark at the end of page 612)



or

%) [Itl=¢" » t=2%c'= C (say)] For each of the
ortany=C(l1-e
differential equations in Exercises 11 to 12, find a particular solution

satisfying the given condition: 11. (x® + X%, x+1)
=2x2+x,y= 1, whenx=0

Sol. The given differential equation is (x3 +X° +x+1)

3 9 ) =2x%+x

ST+ x+ D) dy=(2x"+x)
dx

variables dy =

+

dx

+ ++
Separating

+
ordy =
dx
+ +

[
x3+x2+x+l=x2(x+1)+(x+1)=(x+1)(x2+ 1)]

Integrating both sides, we have
21
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++IdX0TY=
+ +

dy =

Let



++) dx ()

fractions)
+ + .
+ ;(Partial

..(iD)

Multiplying both sides by L.C.M. = (x + 1)(x>+ 1), we have 2x° +
x=AX*+1)+ (Bx + C)(x + 1)

or2x°+x=Ax*+ A + B>+ Bx + Cx + C
Comparing coeff. of %% on both sides, we have

A +B=2..(ii)
Comparing coeff. of x on both sides, we have

B+C=1..(iv)
Comparing constants A + C = 0 ...(v) Let us solve egns. (iii), (iv) and (v)

for A, B, C eqn. (iii) — eqn. (iv) gives to eliminate B, A-C =1 ...(vi)

Adding (v) and (vi),2A =10or A =
From (v),C=-A=-

Putting C = — in (iv), B— = 1 or B = 1 + = Putting these values
of A, B, Cin (ii), we have

+
4+ 4+
+
+
+ - =
+ _
+
+
Putting this value in (i)

+.[dx+



+I dx -

_ ‘0o
y=log(x+ 1)+ 108 ¢, pytan 'y o ippp OO0

g

To find ¢
When x =0,y =1 (given)
Putting x = 0 and y = 1 in (vii),

~1
l1=log1+logl-tan "0+c
22
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orl=c ['.'log 1 =0and tan” ' 0 = 0] Putting ¢ = 1 in eqn. (vii), the

required solution is
y=log(x+1) +log (x2+ D _tan 'x + 1.
y=[210g (x+ 1)+ Blog 7 1y) tan % U llog
(x + l)2 + log (x2 + 1)3] _tan 'x +1
_ [log (x + 1)2()(2 + 1)3] _tan 'x +1
which is the required particular solution.
12.x (x_ q)

=1;y=0whenx=2.
Sol. The given differential equation is X(X2_ D = 1

=>X(X2—l)dy:dX=> I Ssy=

dy =
dy =
Integrating both sides, - I dx
dx + ¢ ...(1)Let
+ __[ the integrand =



+ !

+
..
(By Partial Fractions)
Multiplying by L.C.M. = x(x + 1)(X -
D,
+

1=A+DE-1D)+Bxx-1)+Cx(x+1)
orl=AX-1)+Bx-x) + C(x*+x)
orl=Ax"- A + Bx*- Bx + Cx* + Cx
Comparing coefficients of XZ, x and constant terms on both sides, we
have
x> A+B+C=0 (i) x:-B+C=0> C=B..(iv) Constants - A = 1
orA=-1
Putting A = -1 and C = B from (iv) in (iii),

-1+B+B=0or2B=1= B=

- From (iv), C=B =
Putting these values of A, B, C in (ii),

23
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+—.[dx:—.[dx+
+.[dx+

Idx

=—log|x|+log|x+1|+08|x-1]
_[-2log|x|+log|x+1|+1log|x-1]]
—[-log | x [*+log| (x + D(x~1) ]
+—Idx=

=

Putting this value in (i), © oo .

|:IIZIIZI



y=log™

+c..(v)

To find c for the particular solution
Putting y = 0, when x = 2 (given) in (v),

O0=log+c=c= g
Putting this value of ¢ in (v), the required particular solution is >

log

—log

OR

dx =

To evaluate

-J

Put x°= t.

dx = _J-
dx

For each of the differential equations in Exercises 13 to 14, find
a particular solution satisfying the given condition:

ooao

13. cos 0o

=a(@€eR),y=1whenx=0
Sol. The given differential equation is

COS

=a(a€R);y=1whenx=0



=cos 'a > dy:(cos‘la)dx

Integrating both sides
-1
_[ (cos a) I
dy =_ J’ dx
dx - y =

- y=(cos ta)x + c..(i) To find c for particular solution y = 1
when x = 0 (given) -~ From (i), 1 = c.

Puttingc=1in i),y =x cos la+1

1

s>y-l=xcos 4

a =

=cos 'a

a L
Class 12 Chapter 9 - Differential Equations [ 0 0= a which is the

required particular solution.

= COS

14.

=ytanx;y=1whenx=0

Sol. The given differential equation is
> dy =ytanx dx

=y tan X

Separating variables,= tan x dx
log |y | =1log |sec x
Integrating both | +1log|c|

dx
sidesj dy = I =

> log|y|=log|csecx| s |y|=|csecx|..y==*csec
xory=Csecx...(i)where C=%c
To find C for particular solution
Puttingy=1landx=0in (i), 1=Csec0=C
Putting C = 1 in (i), the required particular solution is y = sec x. 15.
Find the equation of a curve passing through the point (0, 0) and
whose *sin x.



differential equationisy'= e
¥sin x
Sol. The given differential equationis y' = e

sinx - dy=e
=e ¥sin x dx
dy = dx
Integrating _[

bothsides,.[
ooo0 =-0 O
0ry=I+C...(i)WhereI=I oo 000 DII.[I
dx ...(ii)I I

dx
"H#S%&&& & &&
111

X
§( 8& (-cosX) - Again applying

:-L product rule, “gin,
*cosx +e
dx I
=—e
* COS X + .[ dx
s I=-e

*(- cos x + sin xX) — I [By (ii)] Transposing 2I = e

sl = Xpo: _
SI=e (sin x — cos x)

(sin x — cos x)

Putting this value of I in (i), the required solution is 25 Class 12

Chapter 9 - Differential Equations

¥(sin X — cos X) + ¢ ...(iii) To find c¢. Given that required

y=¢©
curve (i) passes through the point (0, 0).
Putting x = 0 and y = 0 in (iii),

O=(D+cor0= , e

in (iii), the required equation of the curve is
Putting c = y=¢©

(sinx —cosx) +
¥(sinx-cosx)+lor2y-1=e
LCM =2.2y=e



which is the required equation of the
curve.

16. For the differential equation xy = (X + 2)(y + 2), find
*(sin x - cos x)

the solution curve passing through the point (1, — 1). Sol
The given differential equation is
Xy =(x+2)(y+2)
s> xydy=X+2)(y+2)dx

+ dy -
Separating variables
+ +I dx
dx
+I dy =
Integrating both sides,
= + =
+I dy =
DI dx
0+0 DIZI
=
+
ooo-
oo+ +I dy =
o+00
nof ax
=
0
oa-
oo +I dy =
o+00
nof ax

sy-2logly+2|=x+2log|x|+cC
> y—x:log(y+2)2+logx2+c""|x|2:X2=> y-x=log ((y +2)*x%)



+ ¢ ...(i) To find c. Curve (i) passes through the point (1, — 1).

Puttingx=landy=-1in(i),-1-1=log(1)+cor_2 :C('_'log 1=
0)
Putting ¢ = — 2 in (i), the particular solution curve is y — x
=log ((y +2)°x) -2
ory-x+2=1log((y+ 2)2)(2).

17. Find the equation of the curve passing through the point (0, — 2) given
that at any point (x, y) on the curve the product of the slope of its
tangent and y-coordinate of the point is equal to the x-coordinate of

the
point.
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Sol. Let P(x, y) be any point on the required curve.
According to the question,
(Slope of the tangent to the curve at P(x, y)) xy = X

.y=X>sydy=xdx
Now variables are separated.

Integrating both sides I =2 yz 5 Nt e = + ¢ Multiplying
grating dy = [ by L.C.M.

ory’=x>+A ...(i) where A = 2c.

Given: Curve (i) passes through the point (0, — 2).

Puttingx=0andy=-2in (i),4 = A.

Putting A = 4 in (i), equation of required curve is
y2: <+ 4 oryz—xzz 4.

18. At any point (x, y) of a curve the slope of the tangent is twice the slope
of the line segment joining the point of contact to the point (— 4, — 3).

Find the equation of the curve given that it passes
through (- 2, 1).
Sol. According to question, slope of
the tangent at any point P(x, y)
of the required curve.
= 2. (Slope of the line
joining the point of
contact P(x, y) to the
given point A(- 4, — 3)).

00,



=

Cross-multiplying, (x + 4) dy = 2(y + 3) dx

+ =

Separating variables,

Integrating both
+
sides, I dy =2
+ [ ax
+dx

> log|y+3|=2log|x+4|+1log|c|

(For log | c |, see Foot Note page 612)
Slogly+3|=log|x+4P+log|c|=log|c|(x+4)> |y
+3|=lc|(x+4)7

Sy+3=%|c|(x+4)

S y+3=C(x+4%. () whereC=+|c| 27
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To find C. Given that curve (i) passes through the point (- 2, 1).
Putting x = -2 and y = 1 in (i),

1+3=C(-2+4°0r4-4C o c ==L
Putting C = 1 in (i), equation of required curve is
y+3:(x+4)20r(x+4)2:y+3.
19. The volume of a spherical balloon being inflated changes at a constant
rate. If initially its radius is 3 units and after 3 seconds it is 6 units. Find
the radius of balloon after t seconds.

Sol. Let x be the radius of the spherical balloon at time t. Given: Rate of

oo
change of volume of spherical balloon is constant = k (say) DTT 00=

=k 5 4mx _
k-T2 g =K

=
Separating variables, 4mx’dx = k dt

Integrating .[ =kt+c..(d)
dx =k
both sides, 411 = 417 I



dt

To find c: Given: Initially radius is 3 units. =
Whent=0,x=3
Putting t = 0 and x = 3 in (i), we have

@7 = cor e = 361 ...(ii)

To find k: Given: When t = 3 sec, X = 6 units

Putting t = 3 and x = 6 in (i), (6)° = 3k + c.

Putting ¢ = 36T from (ii), " (216) = 3k + 36T

or 417 (72) — 36T = 3k = 2881 — 361 = 3k or 3k = 252  k = 8417 ...(iii)
Putting values of ¢ and k from (ii) smr= 21t +9

and (iii) in (i), we have " + 36T 5 X°=63t + 27 5 x = (63t + 27)2.

5_
Dividing both sides by X

20. In a bank principal increases at the rate of r % per year. Find the value
of rif * 100 double itself in 10 years. (log, 2 = 0.6931)
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Sol. Let P be the principal (amount) at the end of t years.
According to given, rate of increase of principal per year = r% (of
the principal)

o8
“ux P

Separating variables, $
Twdt
$
Integrating both sides, log P =, 1S

t + c...(i) (Clearly P being principal

> 0, and hence log | P | = log P) To find c. Initial principal = * 100 (given)
i.e.,, Whent =0, P =100

Putting t = 0 and P = 100 in (i), log 100 = c.



Putting ¢ = log 100 in (i), log P =, ¢ +108100

- log P~ log 100 = ;
n 1
t o log t..(i)

Putting P = double of itself = 2 x 100 = * 200
When t = 10 years (given) in (ii),

log"
=x10 > log 2 =,
> r=101og 2 =10 (0.6931) = 6.931% (given).

21. In a bank, principal increases at the rate of 5% per year. An amount of *
1000 is deposited with this bank, how much will it worth after 10 years
(e*°=1.648).

Sol. Let P be the principal (amount) at the end of t years.

According to given rate of increase of principal per year = 5% (of

the principal)
9%
="xP s $
5 20dP=Pdt $,
Separating -
variables, '
$ $

Integrating both sides, we have
t+c...(i) To find c. Given:

logP=" Initial principal deposited
with the bank is * 1000.
= Whent =0, P=1000

Putting t = 0 and P = 1000 in (i), we have log 1000 = Futting
=1og 1000 in (i), log P = ~ log P~ log 1000 =,

' + log 1000 =
log $

Putting t = 10 years (given), we have
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LS
"= e0'5['_'1f logx =t,thenx =e

Y 5 P =1000 €= 1000 (1.648)
. " 1648.
[ - m
Q08 1.648 (given)]

oono
=1000() 0o=
22. In a culture the bacteria count is 1,00,000. The number is increased by
10% in 2 hours. In how many hours will the count reach 2,00,000, if
the rate of growth of bacteria is proportional to the number present.
Sol. Let x be the bacteria present in the culture at time t
hours. According to given,

o present. is proportional to x.
Rate of growth of bacteria is

proportional to the number )
ie.,

= kx where k is the constant of proportionality (k > 0 because
rate of growth (i.e., increase) of bacteria is given.)

S dx = kx dt - =kdt

dx =k dt
Integrating

both sides, I

> logx =kt + c...(i) To find c. Given: Initially the bacteria count is x,
(say) = 1,00,000.

= Whent =0, x = x.
Putting these value in (i), log %, = c.

Putting ¢ = log x,in (i), log x = kt + log x,

- log x —log Xy = kt = log =kt ...(ii) To find k: According to given, the
number of bacteria is increased by 10% in 2 hours.

.
. Increase in bacteria in 2 hours =

» x 1,00,000 = 10,000
. X, the amount of bacteriaat t = 2
=1,00,000 + 10,000 = 1,10,000 = x, (say)
Putting x = x;and t = 2 in (ii),



=2k - k=10g’
log"

* 1k

= k=1log

E2IE T

log’ 30
Class 12 Chapter 9 - Differential Equations Putting this value of k in (ii),

we have log . _"'

IZIIIIIIIDE|

When x = 2,00,000 (given);

*1%m

then log
*
nxm L}

ooao ,
00t - log2 =log
ono

oot

gooao
00tst=

. Yte
Cross-multiplying 2log2 =",
is

23. The general solution of ~ _ e

Y differential 0o

th equation

0 0 hours. '

*+eg¥=c(B)e
Y=c(C)e™"+e
Y=c(D)e *+e”=cgol The

(A) e

givenD.E.is =



Y5 dy =Ydx

X o *dxore Vdy=e
*dx
Separating variables,

Integrating both sides™

dx J’ dy=I

Dividingby -1, ¥V + e

¥+ €Y= C where C = — ¢ which is the required solution. -
ore
Option (A) is the correct answer.
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Exercise 9.5
In each of the Exercises 1 to 5, show that the given differential equation
is homogeneous and solve each of them:
1. (X + xy) dy = (X* + y?) dx
Sol. The given D.E. is
(x* + xy) dy = (x> + y9) dx ..(i) This D.E. looks to be
homogeneous as degree of each coefficient of dx and dy is same

throughout (here 2).
|:||:| 0+
oo
From (i),
_+
W=
O+0 DIZI 0 +|II
"ip o
or
32
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oo--(b Equations
o+00
00=F

. The given D.E. is homogeneous.

put = V- Therefore y = vx.



=v.l+x

=V+X

Putting these values of and

V+X +

Transposing v to

R.H.S, x
+ p—

= - X
+ [R—
+

+—V

in (ii), we have

Cross-multiplying x(1 + v) dv = (1-v) dx

Separating variables

Integrating both sides

—.rdV: .[



—Idv:logx+c >
_IdV=logx+c oo~

+—+ — — _—v=logx+c _2

EIIZI—.[dv:logX+c >
> -2log(1-v)-v=logx+Cpytv=

log

o-0o
opg_=logx+c

-00
0 oOo+=-logx-c

Dividing by — 1, 2 log

_gg +logx=--c > log
]

g oo

oo

"L (x-y)’=Cx whereC=e
Y

=

which is the required solution.

2.y'=

Sol. The given differential equation is y' =



=1+=f

=
=+ 5
~. Differential equation (i) is 33

homogeneous.

ooao .
o o-@®
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Put:v.'.y:vx

=v.l+x

=V+X

Putting these values of

and y in (i),
V+ X
=1l+vsx
=15 xdv=dx
Separating variables, dv =
V=,
Integrating both sides, .[
dv =
=1
.rv og\x|+cPutting

=log|x|+c-y=xlog| x|+ cx which is the required
solution. 3. (X —y)dy — (x +y)dx =0
Sol. The given differential equation is
(x-y)dy - (x +y) dx = 0 ...() Differential equation (i) looks
to be homogeneous because each coefficient of dx and dy is of degree
1.
From (i), (x-y)dy = (x +y) dx
o_ +
iy oo+



ooao

. Differential equation (i) is
homogeneous.

Put=v.y=

=v.l+Xx

=V+X

Shifting v to R.H.S,, x

+

+

Putting these values in (ii), v -

0 .G



Cross-multiplying, x (1 -v) dv = (1 + v?) dx -

+dv =
Separating variables,

+J dv = I dx +c
Integrating both sides,

Class 12 Chapter 9 - Differential Equations +

Jdv—

+
Jdvzfdx+c
=
:»tan’l
V_
+
=1 !
Idv 0gX +C EIIZIDDDD

34



-1 1log
Puttingv=,tan -

v log(1+v?) =logx+c "~ [

1

> tan”
|:||:||:|+
gpog=logx+c
-1
S tan  -l0g
+
f oo
gg=logx+c
- tan  -[log *+y*) - log XZ] =logx +cotan 108 (x2+y2)
- 2 2 - 2
+2logx=logx+c > tan -108(X +¥V)=ctan =log(xX+

yz) + ¢ which is the required solution.
4. (x*-y*)dx+2xydy=0
Sol. The given differential equation is
(x* - y%) dx + 2xy dy = 0 ...(i) This differential equation looks
to be homogeneous because degree of each coefficient of dx and dy is
same (here 2).

From (i), 2xy dy = — (x>~ y?) dx

Dividing every term in the numerator and denominator of R.H.S. by XZ,

0-0000-
f

EII]EIDD

(i)



. The given differential equation is homogeneous.

Put
= V. Therefore y = vx -
=v.l+x
=V+X

Putting these values of and
we have

in differential equation (ii), v + x -
N = X _— V=

35
Class 12 Chapter 9 - Differential
=g Equations

+ 2
wx2vdv=—(v +1)dx



Integrating both sides,

+.[ dV:—I dx

= 10g’(v2+ 1)=-logx +logc = log(v2+
1) +logx =logc
= 10g(v2+1)x:10gc

> (+Dx=c
Putv = ’ DD 0+
gopx=cor
or
+ 2, .2
+ = =
0 0o corx“+y =cx
gox=c
which is the required solution.
5 2 oo IZI[| 0
=x2-2y?+ xy

2

Sol. The given differential equation is x
=% _ 2y2 + Xy

The given differential equation looks to be Homogeneous as all terms
in x and y are of same degree (here 2).

or

=-+ =1-2
Dividing

DDDDD+



DDDDD

ooo .
oog-@

- Differential equation (i) is homogeneous.

Soput=V-"¥=VX

=v.l+x

=V+X

Putting these values of and
in (D),
V+X

=1—2V2
+Vvorx

=12 dve(-2v) dx

Separating variables,
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IdV=IdX

Integrating both sides,



=log|x|+c

il

DDEIIZI
Putting v =,
log
+ —=log|x|+c

Multiplying within logs by x in L.H.S.,

log

_=log|x|+c.

In each of the Exercises 6 to 10, show that the given D.E. is
homogeneous and solve each of them:

6. x dy —y dx = dX
Sol. The given differential equation is

x dy —y dx =.dx orx dy =y dx +.. dx Dividing by dx
X

Syt 0+00

Or X O00=F Dividing by x,

D+DDDD
=y+X DDDDD...(D

—+

. Given differential equation is homogeneous. Put

=vie,y=vx

Differentiating w.r.t. x,

=V+X



Putting these values of and

in (i), it becomes

V+X
=V ++
or x
=+
Sxdv =.
dx or
— Integrating both sides,
37
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~log (v +.

)=logx +log c

Replacing v by , we have

DD |:|++ 0 |:||:| D:logcxor

log + +_ cx

ory +
y +:cx2

which is the required solution.

dx =
y ydx =
00 +0000
so0 Ypo " ™oooooosol 00 0O nooooo
The given D.E. is
00 000000 oo -booo

00 oo ooooxdy 80 OO 00



oo
+ x d,
0-0a0 v
0o=
oo oo
IZI+IZ||]|:||:|
=F
ooao

Dividing every term =

in RH.S. by %2, 0o-®

. The given differential equation is homogeneous. So

let us put = V- Therefore y = vx.

=v.l+x

=V+X

Putting these values in differential equation (i), we have



Cross-multiplying, x(v sin v — cos v) dv = 2v cos v dx

Separating variables,

dv =2

Integrating both sides,
Jav-z] ax
- .
Using
0
oo~

DI].[dV:ZJdX
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D_DDDDIdV:ZIdX

> log|secv|-log|v|=2log|x|+log|c|



- log

=log|x [*+log|c|=log (| c|x)

2
=le|x
=+|c|x?

:.seCV:i|c\x2V
where C =% | c|
Putting v =, sec = Cx2 or

seC — Cxy -

= Cxy

5 Cxycos=1 5 xycos=1= C, (say) which is the
required solution.

ooo
—y+Xxsin oo
8. x

=0

Sol. The given D.E. is x

-y + X sin
=y -—Xsin

ooo
00=-sin OTX

Dividing every term by x, =

Putting = vi.e., y = vx so that

ooo
00=F



Since homogeneous.

DD 0, the given

differential equation is
Putting these values of and

V+X =V+X
=v-sinv
or X
00 DI:I O in (i), we have
=-sinv..xdv = -sin vdx—
or cosecvdv=— O
Integrating, log | cosecv—-cotv|=-log| x| +log|c
grating, log | | =~ log| x| +loglel o
cosecv-—cotv|=log
39
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or cosecv—-cotv=t
|

Replacing v by , cosec — cot - whereC=%c

Cross-multiplying, x

solution. .
required



ooao ooao

1-00 oo O0dyorydx =x
00 = C sin Which
is the o - 2x dy=0
000 Lydx=2xdy-x D_DDDD
9.ydx + xlog 0o
ooo @

dy —2xdy=0 00
Sol. The given
differential equationisy .. _
dx + x -

=F

— dy

=F

differential Putting = vi.e.,

y = vx so that

equation is

: homogeneous.
Since 8 =V+X

0
0 [0, the given
Putting these values of and
in (i), we have

V+X



“x(2-logv)dv=v

(logv-1)dx
or
dv =
or dv =
oo-00o
oo~
dv =
or
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Integrating
go-0a

DD_IdV:log|x|+log|c|

=00
orlog|logv—-1|-log|v|=1log|x|+log|c|O0O oo



or log

=log| cx | or

—=|cx]|
or

=tcx=CxwhereC=z%xc

orlogv-1=CxvVv
Replacing v by » We have

log-1=Cx
ooao
OOorlog—1=Cy
which is a primitive (solution) of the given differential equation.

Second solution

y
ooao
The given D.E. isy dx + x log 0d
xdy—-2xdy=0
Dividing every term by dy,
X
dx —
Yy ay— X lOg v 2X = Ologlog—log—log—log—log( )EI O===00
oo
_._y xyx Xy
xy
Dividing every term by y,
X
2)
dy dx -0

X . 0 =00
Ylog ¥ - .



X X X

dx 2\ X
JE="log 27 L (DY
. The given differential is homogeneous.

X =vie.X=vy
Put V

dx d

sothat @ =V+Y gy
Putting these values in D. E. (i), we have

V+Y dyl=vlogv+2v

d
=Y dV=vlogv+v=v(logv+1)
Cross-multiplying y dv =v (log v + 1) dy
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ddy
v

Separating variables =
(log1) *
vul

vv
v

y

1
Integrating both sides =00 “orfdfuvu
g 8 log 0o oo J 7

e ’

y

~loglog 1 log log log v += + = O log| ()]

yeey ()~logv+1l=%xcy=

Cy where C =t c
x , we have
Replacing v by Y

x +1=Cy
log V

y
or—log ¥+ 1=CY Jog - log see page 632 0 0

cexy
0 |:|=|:| 0
yXx
—1=- =
Dividing by - 1, 10gyx Cyor=C 1y which is a primitive (solution)

of the given D.E.



dy =0

xly oo DD 0
My dx +e
10.(1+e
x/y
Y dx + e
Sol. The given differential equation is (1 + e
+e dy=0
oy gp 00
x/y
Dividing by dy, (1 + )
e
DD D_D 0 DD D_D 0
x/y)
or(l+e +
=-e
o - .. The given differential
oo O0or=
..
=f

which is a differential equation

equation is homogeneous.
of the form

. Putting these values of
Hence put™ vV 1.6, X =Vy &

Differentiating w.r.t. y,

=V+Yy
in (i), we have

DDDDD.

and
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vV+y

+
Now transposing v to R.H.S.

y

Ydv=-(e
= -—--v--
—V= =
+ +
+

Y+ v) dy or

~y(l+e



Y_ Cwhere C=+c

X+ye
which is the required general
v solution.
)| =-log|y|+log|c]|
Integrating, log | (v + e
Replacing v by, We have
a
oo*
log
or
00=1log
+:
Xy |
~te 4

Multiplying every term by y,

For each of the differential equations in Exercises from 11 to 15, find
the particular solution satisfying the given condition: 11. (x + y) dy + (x —y)
dx=0;y=1whenx=1
Sol. The given differential equation is

x+y)dy+ (x-y)dx=0,y=1whenx=1..(i) It looks to be a
homogeneous differential equation because each coefficient of dx and
dy is of same degree (here 1).

From (i), (x+y)dy =-(x-y) dx

=0+0
+

or

oo



ogoo .
= 0 g---@i)
- Given differential equation is homogeneous. Put
= V. Therefore y = vx.
=v.l+x
=V+X
Putting these values in eqn. (ii), v + X
+
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—V =+



+-X(v+ 1) dv=-

v+ 1) dx

+dv=-

Separating

variables,

+I dv +

jI dV:—.[dX

+I dv+tan"1V:—logx+c

0o |:|DIZIEI

log

_ log "+ 1) +tan™!

log
Putting v =,

|:||:||:|+

v=-logx+c

00+ tan™ 1:—logx+c



00+ tan™ 1:—logx+c

> [log(x2+y2)—logX2] +tan~ 1= —logx + ¢ 5 IOg(X2+y2)_210gx

2, 2 N
+tan— 1= —logx + ¢ » 108 X+ ¥ 4 tan— 1= ¢ __iii) To find c:
Given:y =1 whenx = 1.

-1 — _
Putting x = 1 and y = 1 in (iii),}0§ 2 +tan" | _ ¢ grr=== =010
0g
orc =l0g2 + m
Putting this value of c¢ in (iii),

-1
log (X2 + y2) +tan _log2+m

Multiplying by 2,

log(x2+y2)+2tan— l=log2+m
which is the required particular solution.
12.x%dy + (xy + y?) dx =0; y = 1 when x = 1
Sol. The given differential equation is
X2dy+(xy+y2) dx:Oorxzdy:—y(x+y) dx

D+DDEI
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or

. The given differential equation is homogeneous. Put

=v,le,y=vx



Differentiating w.r.t. x,

=V+X

Putting these values of and

we have v + X

=—v(l+Vv)=-v-vy

Transposing v to

or X or

Integrating both sides,

or

in differential equation (i),
RHS, x

:_V2—2V

=—v(V+2)xdv=—v(V+2)

dx

+.[ dv=—I dx

+I dv=-log|x|or

Separating terms

or
0
oo~

+I dv=-log|x|

D[|+.[ dv=-2log| x|

orlog|v|-log|v+2]|=logx %+log|c]|

or log

+=log|cx_2



Replacing v to , we have

I
I+

or

=t
-+

or x’y = C(y +2x)
where C = % ¢ ...(ii) To find C

Putx = 1 andy = 1 (given) in eqn. (ii), 1 =3 C .. C = Putting C =
in eqn. (ii), required particular solution is 45 Class 12 Chapter 9 -
Differential Equations

2
X

y:(y+2x)01‘3)(2y:y+2x.

0o 00
13.00 oo 0000
dx+xdy=0;y=Trwhenx=1
Sol. The given differential equation is

0-00,, dx+xdy=0;y=" x
> xdy=- =1

Dividing by dx, x

0-00,
dx

=—-Xsiny

Dividing by x,



=—sin +-®

=F
goooo
. The given differential equation is homogeneous.

Put:v.‘.y:vx.'.

=v.l+x

=V+X

Putting these values in differential equation (i), we have vix

V+V o X
= —siny

5 xdv =-sin’vdx

Separating variables, I _ __[ dx

= — sin;
2y

= — Integrating,

> —cotv=—-log|x|+c
Dividing by — 1, cotv=1log |x|-c¢

) m
Putting v =, cot = log | x | —c..(ipTofindc:y="whenx =1
(given)
Putting x = 1 and y = 17 in (ii), cot T logl-corl=
O-corc=-1

Putting ¢ = - 1 in (i), required particular solution is cot
=log|x|+1=1log|x|+1loge=1log|ex]|
14.

ooao
— + cosec oo

=0;y=0whenx=1
Sol. The given differential equation is

_+cosec=0;y=0whenx =1

46
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=-—cosec =f

ooo .. -~ Given differential equation (i) is
or 0og--@

homogeneous.
8 Put :V.'.yzvx.'.

=v.l+Xx

Putting these values in differential equation (i),

V+X

=V-Cosecv = X
Sxsinvdv=-dx

Separating variables, sin v

Integrating both sides,
I:_Idx —cosv=-log|x|+c
dv =-

Dividing by — 1, cosv=1og|x|-c¢

Putting v = , cos = 108 | x| - ¢ ..(i)) To find ¢: Given: y = 0 when x = 1
~.From (ii),cos0=logl-corl=0-c=-c-.c=-1

Putting ¢ = — 1 in (i), cos = 10g | x| + 1 =log [ x| +loge _ cog=1l0g
| ex | which is the required particular solution. 15. 2xy + y2 —2x
=0;y=2whenx=1
Sol. The given differential equation is
2Xy + y2 _9x
=0;y=2whenx=1....(0)

The given differential equation looks to be homogeneous because each
coefficient of dx and dy is of same degree (2 here).

From (1), - 2x



oono .
on--@)
or

DDDDD:F_

. The given differential equation is homogeneous. Put

=V-'-y=VX~'~

=v.l+x

=V+X

Putting these values in differential equation (ii), we have vix

:V+Vz=>X

:VZ=> 2x dv = v2 dx

Separating variables, 2
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/
Idx

Integrating both sides, 2



Putting v =,

52 T=log|x|+c

-=log|x|+c =

Elljljljnzlog\x|+c

or
“=log | x| + c ...(iii)
To find c: Given: y = 2, when x = 1.

- From (iii),_: logl+cor-1=c
Putting ¢ = — 1 in (iii), the required particular solution is

_=log|x|-1

sy(log|x|-1D)=-2x 5 y=

16. Choose the correct answer:
A homogeneous differential equation of the form

h
000y,

can be solved by making the substitution:
(A)y=vx (B)v=yx(C)x=vy (D) x =v Sol. We know that a



homogeneous differential equation of the form _ h

790, scan be solved by the substitution . ;-

vy.
. Option (C) is the correct answer.
17. Which of the following is a homogeneous differential equation?
(A)(4x+6y +5)dy —(3y +2x +4)dx =0
(B) (xy) dx = (x*+ y*) dy = 0 (C) (x* + 2y*) dx + 2xy dy = 0 (D) y* dx +
(x*—xy—y?)dy=0
Sol. Out of the four given options; option (D) is the only option in which all

coefficients of dx and dy are of same degree (here 2). It may be noted
that xy is a term of second degree.

Hence differential equation in option (D) is Homogeneous differential
equation.
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Exercise 9.6

In each of the following differential equations given in Exercises 1 to
4, find the general solution:

+ 2y =sin x

Sol. The given differential equation is
+ 2y =sinx
| Standard form of linear differential equation
Comparing with

+ Py =Q, we have P =2 and Q = sin x

.[ = €9x
$I dx = J' dx =2 $ Sloliution is
dx = 2x LF = Y
[ (LF) dx
dx +c
C 2X
orye

-J

) J Applying Product Rule of
2x
Orye —T4c..(i) where [ = Integration



)

& && & && & && dx....(0)
o0 oo ol IS

2X
orl=-—e"cogx 42

J'cos x dx

9% -r dx
=e’ (-cosx) — I

I
Again applying Product Rule,

oo- .
I=—e™cosx+2 DDJ’:I:—GZXCOSX+

2e2xsin X—4 I orl=e™(-cosx +2sinx)-4I
Transposing 51 = €2X(2 sin x — cos X)

(2 sin x — cos x)
N
Putting this value of I in (i), the required solution is (2

Sin X — cos X) + ¢

2K _

Dividing every term by e2X’ y =(2sinx - cosx) +

ory=(2sinx-cosx)+c e X

which is the required general solution.
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+3y=e ¥

Sol. The given differential equation is

+3y=e*

| Standard form of linear differential equation

Comparing with



+Py=Q wehaveP=3and Q = e

.I = €3x
$ J, dx = J‘ dx =3 ¢ Solution is
dx =3xLF = YO
:J’+ (LF)dx+c
orye’™="
x 3x .
J‘ e dx+cor= _[
+c
ax dx +c =
dx+corye  =e I
Dividing every term by e™, V=
ory=e 4 ce-sx
+
which is the required general solution.
3.
+= x°
Sol. The given differential equation is
+ = X’
It is of the form
+ Py = Q Comparing P
2
$J’ = Q =X
dx = J ax=togx - 1F = log x
=logx--Ll.=g [_¢ =X

The general solution is y(LF.) = J'+ (ILFE)dx+c
dx+c=J— (secx)y=

S

dx+corxy=+c.+

oogo tan x
oo =<

Sol. The given differential equation is

+ (secxX)y =tan x

It is of the form



Comparing P = sec x, Q = tan x

$J’ + tan x)

=secX
dx =
I LF _$ + tan X

dx =log (sec x + [ = eIOg (secx

tan x)
The general solution is y(I.F.) = J-+ (LF)dx+c

dx
(secx+tanx)dx +cC =,
0ry(secx+tanx)=I J
+c=+-— Class 12 Chapter 9 - Differential
I Equations

dX + C_gec x + tan X — X + €

50

ory (sec X +tan x) =secx + tan X — X + C.
For each of the following differential equations given in Exercises 5 to
8, find the general solution:

oog
ty= og =<
y =tan x
5.cos” X
Sol. The given differential Dividing throughout by cos®

equation is cos”x . it
X to make the coefficient of ULy,

+y=tanx
+ (sec2 X)y = sec®x
= tan x
+ -_—
It is of the form
+Py=Q.

Comparing P = sec? X, Q= sec?x tan x

$I dx=J'

dx=tanxLF. =g [ =€unx



The general solution is y(L.F.) = .[+ (ILF)dx+c

tanXx . e . . L
orye™* _ I anx g¢ + ¢...() Put tan x = t. Differentiating sec?

x dx = dt
I11

tan x e
I . dx = .r
t
e dt
Applying integration by Product Rule,

t_‘[.e

‘dt=t.e
‘e
L—t-1e
=t.e
Y= (tan x — 1) €™ * Putting
this value in eqn. (i), ye™* = (tan x — 1) €™ * + ¢ Dividing every
term by ™" ¥,

v = (tan x— 1) + ce~ ' which is the required general solution. 6. x

t2y= *2l0g x

Sol. The given differential
equation is x
2y =
ey X2log X

Dividing every term by x

- #
oog |Z||:| 0
+y=xlogx
°f
It is of the form log x
+Py=Q.

Q- dx =2 Idx:210ng':e2

Comparing P =
elogf(x) =f (%) logx log X2 _ X2|. )
LF =% ¢ '

The general solution is y(L.F.) = I+ (ILF)dx+c

. X; . X
oryxzz_r de+c:.[ Jdx + ¢ 51 Class 12 Chapter 9 -

Differential Equations



Idx+c
=logx.

—J .dx +c=logx - log x -
(
2
oryx- = log x —
Dividingby+(

X’y =
ve (
(4logx-1) +
+y=logx

7. x log x
Sol. The given differential equation y =log x

isxlog x

Dividing every term by x log x to make the coefficient of

+

unity,

Comparing with + Py = Q, we have

P= and Q =
y:
Idx:
| dx =1log (log %)
0 D’ 0 DD 0
&.J’ —
.. Ilogx
f ory log x
dx + ¢
LF. =% o
log (log x) The general solution is
[=e =logx



dx =2
y(@LF)=*

dx +cqqp

I

Applying Product Rule of integration,
-Too

oo EIII[_+C=2

=2

00 = (1+logx)+c.
0 |:|_+_E|E|+cory10gx

-+00
oo™ IZIIZI,r+C

8. (1 + x%) dy + 2xy dx = cot x dx (x # 0)
Sol. The given differential equation is (1 + X2) dy + 2xy dx = cot x

dx Dividing every term by dx, (1 + x2)

+ 2Xy = cot X

Dividing every term by (1 + x2) to make coefficient of Unity,
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Comparing with



+ Py = Q, we have

+and Q =

DDDDDD

+ .
[ dx=1og|1+x

$I dx:'.'J'

=10g(1+x2) [...1+X2>0 > |1+x2|=1+X2]j=elog(1+xz)=l+x
$
LE =

2

dx +c
Solution is y(L.F.)

=+&.J'

, +I(1+X2)dX+C
s y(l+x9)=

:y(l+x2):_l-+c=>y(1+X2)=log\sinX +cC

+ + +

Dividing by 1 + X,y =
ory=(1+ xz)’llog |sinx|+c(1l+ )(2)’1
which is the required general solution.
For each of the differential equations in Exercises 9 to 12, find
the general solution:
=0, (x#0)
9.x

+y—X+Xxycotx

Sol. The given differential equation is

X
+ ¥ + Xy cot

+y-X+xy X=X

cotx=0

> X=X + (1 +xcot

X)y =X



Dividing every term by x to make coefficient of

unity,
+
+
y=1
Comparing with
+ Py = Q, we have
+.amd Q=1
P=
gl
dx = 0+00
a l].r dx =
$ — 0+00

| nof ax

=1 log sin x = 1 i
#$J’ 0g X + log sin X = log (x sin x) 53 Class 12 Chapter 9 -

Differential Equations

LE =%

log (x sin X) i
I:e =Xsinx

+c
Solution is

&.
y(LF) ' J

ory(xsinx):_[ "HE % &&& & && & &&

dx +c

I

IZIDEI D=_DDDDDDI ”_[ S y(x sinx) = x(- cos X) — -

J’ dx + ¢

J'+ ¢
=—-XCOSX +
ory(xsinx)=—xcosx+sinx +c

which is the required general



Dividing by x sin x, y =
+ 10. (x +y)
=1
- Sol. The given
differential equation is

x+y)
ory=-cotx+%
solution.
=lsdx=x+y)dy
"=X+Yy >

-X=Yy

| Standard form of linear differential equation

Comparing with

+Px=Q,wehave,P=-1landQ =y

$J‘= .[_ _J':—yI.F.:$J,:e

¥ Solution is x(LE) =*
&. J, + C
dy + cIII

orxe V=

000 P 0 I ks s as s s s



